| _The Lagrengian Borra Aal1ON o Glanhm Mednanic s D |

I. ‘ La-;jr:-/);l“a/) C/q}'};‘C<//M(_GAG/)/’Cj

—

7.1 Ba@e)  genenbsed adrdinctes 9:€) = 7€)
} » velsa'bies 9:.@)= 3@
__2._@_,————? La 41 = V.
2. 17'”\4?404 L=T- \ .
% m‘ng,.c ra"‘ﬁ*‘\ (

L42:7. {9}, ¢) = 1mdl — v&)
ﬂ\, (/)r.\«\c.‘pQ_ o/ le<st acho’ .
C{</f,'o-| Va/zj’ % waise 'ﬂéécicﬁ'dy",s:

4 'w(-blf‘fo
srgl = (L de e i)

Ponchonal’ ;' ~ hnchion of Rrchans g

To extremse !
) (95@*“5]) { , (ty=ze=o)
2;2 = 9o

DA
€e ,
S‘[;+>\g] = YL(%+XE) gtXE, é)ak'
& (cl«‘"" fvb)

SS@u{S:f@k MM_?_LMMbb ¢
SEERETEONN G




53 (53 Citer Lagmnze
Sunbi o) 7

E-?. .‘/ L_:%Mé‘ - V@)
e gt =Vig) = mg wewhns 2 fae .

NS hat 5 ’QL ,2,

.)— — /"2 - L.
g 4 A fw (a — ] - (391. )e[z .
s 94 veo /J"E : 22 {

<

l"z- HAM:(M.'GA mechsn,c S

,_.__.—-—-'"'-—-—-_

Lvies 2,9 nshad 4§39, 55

- = 2L ‘N mowrtrhom c.m}u(jak—v"o é’
24 ‘
Hen [H = p- ; — / —aé “Lesen e /\'ﬂ/?fﬂJW'l1>
. Ham, ('LIM,M
L Harlsn's ez,,.:hw;o/mnhan

H ., — H
% ey
[3 Ccmncc/"%j dfo @arhim Mechan'es
bcﬁ‘r\l_ e “Ppoifsuom boxek L’ J

%QVB{Q Dg S %f 2@ B
Therctore éxerchc . L%:fg,ﬁ‘(} j é=f?ﬂ




FN ﬁ(@'g/é) #;h;l\;‘_m ;‘u(a 9,‘,«_’/) | @ _|
df_ o + F 9
;@C = 55- 22 4+ 2.8+ of

op 2t

%E 1 + ()M( ””"‘";ifﬁf;’fm' "

B-)'c[ ﬂ«(WawLe? e;,c,aéo\n o mop o’ Bom M <
dA _ J
|48 = A3

( e H‘&'S&“LUQ pid"/rf’ OPQf")'W} Al) o hme depondent.

'ﬂ“'f > 5 Hersen rg %MV,(.Q/J'VI\B 7/ S},A/‘oo‘.n?q‘
6?,%/’0\’1 V(,m poe. oL & d [eler) .

classical canshonll 8f maldN &

% —o => {C /./[? O @.,ow,//c

Aﬁ—éﬁ> = O = Mj’_
@J’ﬁmaj na eylafék,w»/a
QAfo .

| & cananical Quanbzsbion
classyeal observable s become 40«4/162,:&:»@; o;oqxﬂw»f

hn QR - - /
Y é (noe @P/'«% called 2)

P> p= KV
H=T4V — 43;4‘+&:ﬁ::+x/(£).

£ HU— ik
°€&



|- 5 T)@_ e,vaLA_hm —;,\ am - -
ool He Fime deperdet Sthrsdingar egarion CDSE)
2k 2 24et) = H¥EY)
o on bmc no)aéo\/\ (bas:s cndependent)
T 1"’9- 4@ = MYE>

Tha—efor—e .
Tuoy = Be-talue) |

—'C H@ éo)/t

where |0 E-¢0) =

He sz,!‘rnnyklvm opv™
o  bme el hn op=r=

Since 1 W A+ M/ U:I/.b%/d*:&".
Some_ pcapﬂe, derive. 12-TDSE Aom Uﬂf"‘“‘*g ﬁ"”(""él
Hoe (aler YA mo< natuC .

W il Cehrn 4o Eime erplution ¢n Aefe’ <1y Secton i,



,—‘D,‘ro\(_ la DY ) F&ynm/\ Iq({'?

o x I@’T) _ ’,q,é/’ 7—) )?_

\/ow\yl; 3A‘é$:

" |
S m :;g r)
Lo o l ca;veﬂ)

’HL@f,T) = Amp(a}volé (X,T[ A,é)' Amp. @;tl xwé’)
b Amp . (T8, Aop(B£ 10, &)

A'MPA%(/M acf Gl P/PLAA;L‘AM v Odm %u\l
Aol <l Hg) = j/l—,«pj _ .
Q('\J\(NB £e":ie:e;“ )

AMP- (X,Tl Ioio} = K, 75 Xo, to) Hbaoleﬁn.‘b'ﬁ’
‘ul sropegahr’
K(’”'T) Xo,ds) = <oe|0E-65)I Xo >
(""e— will rehorn to ThHS Slwézc-;) .
WL\J‘I[) lere are no y/{Fs/oa SZ:/-ﬁ? "é‘-r;:oﬁ:%n!“"“ﬁ“)

. %, T
S / q*é(;T) = j(}y Ampéz,‘rl 3,5>A,f_eléls)
» g .
gE ( (
1L o mty — ath ia ~L ¢ , i

A . : ' 5 B
S@ (f?‘/‘l: f / 7 ’Ll'éC,T): nyl'” JJN AMP(xlT’ 3~,(‘u>'
7 f‘ Lo ‘ / ) A'\p(‘ju,éul ﬂu-, , £~_>'_ ~ A"‘Péut'@

21T g o edafd /¢ ‘




NT pthsS are ewawkb“& C——‘Af\-)';nuo\:s_, o there a&‘%/ﬁ‘eé&_-.— :
wl%tuse, peth integals?
— La many Lages Piove ndarentel g (LIE can fo
n Locentz Scclar — relchvBlr e Qua .
— Usehd Por Srenie. calewlsAans | <y Ahacaov Bohm effech
Eee laker i Covese)
. Gues b5 On intecprehlion of cm > éﬁgm«« (143 ]
(i) ol = AT

69 U = %ﬂ.s%'éﬂ’ b o \gf“" L
Jed by &? S/
é( n) psfhs Ledy ) Loclegal ocian

2.2 The pupagetic s
Locll - 1UE®) = U ”é")[q’@"» ,wac;; ).
- Uy = <x| O E-t)| @)Y

Insect & Sehdion of the idenkby® = §de 12 X5) = AL
ke ﬁ &y = (&> Vol

. x| YR)> = g e Zoc] O —8) [P x| 4E)>

—— —
Yé.e) Ké,e;x)¢62) &, &)

'd-L pfuP.?qbf
/ma.?q'm o &vup@ﬁr_(g locabicd .-:.'m%a{ boavep ke & ;

UYr,t) = Sbc>=x0) Diewe 3)
Uk, t) = K& €7 xo,be) .

”‘*Pmr"?"*"’ﬁ e applibicle o fad the
qué‘;o((, el x , ¢ ﬁ'V“" V' Le)@ Lo, o .




2.3 Ml proprpator: free sprce etk ‘% |
~_cHE-t)/ |

Reall  KKbe, £ Xo,t0) = <xl @ X0y . |

|

[n free Space V=0 |

2
" P E—te)fernk
¢« - k(x,é ; Xo,éo) - (x_ I e ,x0>.

(/\L‘er@: fﬁ = OS?JP [P>(P\ (LV(,’U UL&M-'TAﬁ\Ck4/0é{)
-0

T P E-&)pmk
Kgot; 2,6 = Ypexl€ P lpXplxa>.

a umbes
Bt PPy = ?W /"’g'q"cﬁ&fort

)4 5 = f@lw efned Hes
& £l P Ta /:?wtr;).
: _CPE-to)imk 7
L K& v b)) = S’Jp e <xlpy<lplxsy
_l-m -:)| észo/#
= =

. Yy < _x¢,) — P2 E-t) g )
Kt ) x,¢t5) :i":?gjf’ o (€

_ Gavssinn iategnl
Shete ™ problem £ 2Go-x) M2k - &)
K¢, "'/é’):g l’;ﬁ €
Z. Y E.9. Finte & At shé




I S
Yem= by keom gk eicos)  BE et
~b

I J ‘Sbef:(’" '9)1"‘/2&7‘— &) @ o) bk ~ts)

= eonst. —
’ e &= J e

Cah be Wratlen a8 a“Fegnd 8446(746':
Fre) = _S\e“v:lg

Ll ° e Cocnu Spicsl’
@}‘"5“”” o
o
Qg Freo
P "

|? GMIY'-LVHM
cf ehuos @ A-lerel .

ZW betreen Fegnman £ S’e,Lréaﬁ‘n;ﬁ/:

o Aown
_ES(',I‘C,/‘./\ “,L( C}N\W .
& K 6T xorts) = < |UC-E)[ 227

—c «@-¢€a) = TDSE .
e | xSy gtT‘
— Some f"‘k"tlo J(,n\ﬁ-e—- TDSE 05‘,‘42 dfg 4‘1‘1/%

\ < }w|e,-€
étﬁ"é' k(, E+5E x, &) (Ww )
bt 1t eyu‘v‘(-hf‘.

26 ﬁl. pﬂp«?«/u(' 5 7,2/14/:' CA% ——-ur;v\":j‘] ngnm«n <"|-|')

———

[ 92neaml, IA:T+\/:£+\/@‘¢).

G40 JE-ts)
Kt 2o, t) = S| @ i /klx-o)

Prollen : eMé ¥ @Aes unleys [25']—: o .

..a'“ -6 WE e~ BV o
othermSe we Seperale. e Te-toY e He-e & inSert 7de.n6(:«<-/5~ ,




w . YYine S‘&.Cfng)_ @
Break p<th <nto ‘/'_""3 slices Ugf:"g SE=6, , Nlarge.

-(:l:'f'/* ( QM%é/ﬁ
Then, e e sk
<T+v)se/k ST o)

g e for SE 20O
-t Hét k
W& ’\“Vé: K(Xu £ x.,,é ) <X~ /x ce - Ix-o>
\.--—-—-sr'—'~——-""
Fov ease anoh.hon(! } N identical Copres .
lnSect Nedopies of 1= [Jx,1x:xx|
-; stk
<= o --de., Sxale™ ’kxp-.><x»-.\e P -

—

Now vse 7‘7\41" SE 35 Smll
..LTSL'/*' _c\/sé/kl

Ko = <xpril & e Xa>
& insect ﬂ QdP)p)(f)' a8 it e free paréicle -

-t % -c\/st/t\'
l’( S’<XA+C e TSé/ lPYP'e [Xn> JP
) N

- s
- ;:mt -zvémst/k.
e i8as )Cm- ]P> € <P'x.ﬁ>
" _'p;n/k‘
) 4.Px"-'|/k .} e
ik € V=3
K. ~ e.'.c‘\/éo\\&t'/*‘_ Kprgc

_“\/éh ) &é‘/k‘ ¢:M (x'ou- ) "Xf\)z/Z‘k Sé -
Al o m: N © fiemiiat -
96 -

M-l 2
—— é l— Lal
K@c.,,& X, 0) N-—)ao 2mk8é) J’()x J -1 eXP(—*%-—Z{—‘ *SL-X)




But Lm %éﬁi‘ Ll *'é’x“)2~Vé<n)

N->%0 n=v %

()
?‘\‘)ﬂ*

m x© V()

——
—

O?q.o

"L(x,x,€)
— 31’}_] [ /?(f"" clessnl acfv'm)

K(DC ,6} XO,{JO) = 52")% e4' SBC;
Fégnmqn ’s é‘/‘I)—ro( Fosru‘lﬁ ‘ﬂC?M '

‘ R%\S U@."?lrlcd ‘w“n‘-h e.fw;l myhf/ude @ovevcr sz(j)

St vary,.‘,\j phag

NTB check #his intermedhate step:

_iVENSEA o
K(xﬂi'l,gé.)‘ xn,o): e Ve KF( e'(x,m,%"}xmo)

N e
fn*&:dﬁh\ S’;Mf? moc[ffes
Prase of indermepiale. paths .
ﬂ.‘j mohvales He Cnderacton p}c_/vm’)

+o Lhich e refurn S)qo(é[.y .
2. - ? What Géou"' Qmamu)'n'l'wS I8l

— An Q(’VG\ACQ,A c;ll‘\l‘e«f‘S(:m @M’ﬁXAM:'ﬂAAL&!);
Time 54’0&»3 vSesS e_ée- *O)Se/kz e.e% 3e/ke:£v&é/*f
Heslw CJO %,0\4 9»67“ 0‘1& novi = Comm v dndion

Oﬁ OP{(‘AW5 £4(J(?

One. wag Fo See this 1% View &4 CoriovS
Cornechon bebeen QM & hsdical mechancics. ..




ol @ £HDY = -5 34 Ly S,
¢ o

6(,‘1(5 & oexm«l resemblance to $he He«l"/%’@;,'o« Wq/;'w:

WED) - pTe S AN
’a"c, X T = &dme.
Y, Juésﬁelvﬁng Lé — -cg in e TDSE

9 vesS ditfision .

his ;s called a Vel cotzdion’ o ‘im{jiﬁmfg bme’ (,)

WMWW

S,'m,'/i\/“y ) 1N QM e hake -

_chibk < Sbel/K
<xele " .y = f@x e
Ee
MR Bl = [ it — Ve
é.

ho—¢cy N St sHca( MechanicS e heve :
xp| P s> = SBX— e—*Se&’S/k
(whe~ B = '/KgT
€ S5 = Kie mpr
> = “idt 23y + vy
A?ra:f\) é >~ . (‘C lmSum‘Bop/S* , a/&,‘/r\{_).
This gives e res,if- ,

|. @M ¥ ;Q#Lé b ;.S 5""’*:5;7‘@] me.cjﬁn,‘cs ,'n N-{-O b }/
pac. Lime R

| S

NG Se s exlled (VS éucl,'o(zm achon’.
77195 S becasie He LovertZz mednic ax*—c2e*
becames #e Evclidean Mmedr)c x*
Under Wick rotx&on) .




Beck o Commu_i;f"o" :-
whether ¢he path <ategral <S el defned Jepao/a’

On the C‘Cc’s'dﬂ .
[ gene,ro-( (b wovks belec in Mo Eveldenn mebiic

w}\g,-c.. r)‘ﬂ} ‘e Suf/r\'/}kA nyowenb'alg 5‘9 €.A/3H.

So Sur‘e'g [q, g =0, violsdin e He,‘wlrv;
Un G, '.m?'g prnciple. .

b i+ doesn't. )4
3 = ¢) 2¢+88)-%8) _ ¢+58) — 9¢
(3,47 = 1€+s¢) 2% 9@ 2¢:50-3¢)

Operato ovder becares bz ovder tn path z‘n*&y"*“-
So [g,9] = QE+s) - 2&)) /st = @@a‘gég—-z@))z.gt
B sgr._»,hg this 25 SEU 2eco: G* ot
No! [n Skt Meck. #4155 Bawnian mot. on .

& Fb(‘ /142"/ e Koo gjzfv Sé
(cf réndom M/K) . ThiIS .y Aemedised as Ted's Lemna’

= /2/?]:’ not- o !
WicK /‘o)‘f-‘_k» back . ..
[x,p) =<~

The trick is fhet §29¢ |5 viot Zero Al 5> peo
S S >0 .

Non ’Wl’l(/?"“é;a\f\ G St W.M&_ 5&
jea‘neSS
<9£ ﬂ:e. f«#vs. (7

Recall s fa-i’ls e everd i~ Conbnuovs,
Lt nouwhere di@erentlnble .




3 . Semcdassics @

—————

A Sﬁrcngﬂ of e path iﬂ‘*egm(— appreach s #s&

the class; cal path 'S *yp:'cqﬂg dow;nent (rcCa/I the
Covrnau Sp}f‘a() . Other pqn-S Gre_ MO&?“«' °/’ as

‘?vaolvm Conrechong’ o ‘}uqohm Ploctvations’ (a SZ{;AL’
hu‘.Snome() :

Here, we il See Yhis idea tn More detucl -

Wl\j do Sem./classics

— IF o think clessicaly, it gives an imuitive view
ol Qm @uhafas ovtdsted

— 1¢'s ivalvable +o Some. fidds, €9 grsatum chaos .
(g,od‘hm = linear @b3SE), chaos = nenbnear . .. )

"41—00"" up The Be,rrj Keabing conjechire : Sokm
Pr’ov-'nd'l e Riemann Hyﬁogejis (Zim fn?e.) ma) be
= f ﬁnclfng P whose class/cal bt ®=is xP ...
— USebvl 'n opbcs
—_— g.'vc(s mnadg};cd af.v/‘ha‘m«l-c Sob P08 @ol‘ Just aumen'al)
— Most ;Mfmlm’r : s how ke do QRFT.
(F‘rc,e, Parb'de,_s’ Are ;’o\/-efneo( Lg e class)cal achion .

3. Methemapcal backgroond
’5_-” GauvSSian c'nJa(jra/S Clb_)_

Pecill the v ck oo )
IT= §dxe®™ *E€C, Re@)ZO .

~aG*+y?)




Use. polar coards .
o2 T

I* = {edr(do &
o o

—ar* %
=21 c ]

-2a o
= 7"/0\ “,ka‘x‘ _
. - -»_0,\.’ =\e x = |¢%
I—%\ o(.p'x“zI.S;
.12 Gaussian In éﬂ'—(jr_:b D)
2= e
I(’—g}) = J’J"_Jg e T T A a Symmdf‘)c,w mter X
Lse A=00DoO" 5$r¢&>o”
\{' (’)d;QQCQ'lc‘?—‘"/ “w) . {L..
ovl’koa'w..( grg_g — 6'(7"‘15 sl +ve .
, 3_5"@29 - 2725’2 thee —@:92_..
N ~ 2
= Z q: xX;
=1
det@)|= 1 .. Seedbian =1
N z'qa E“Z-
I(») = i {4z, e
N4 i
= @n) @, - an)
@)= )"
N et B)
3‘__'} Gavssian I«i—%nﬁlS (MD)
AN _ - (e))z\x ,)dé)

: Recall : funchons are eoD Vecfars
= ) '
e o fere el OpC(J'w:S) e 00 % Makice §

L det(R) = TT ergervatves A A .



- . ]
&9 = Sx@')A 2@t = Scbl

——
——

v} Q./;\

%mx + vix)dT .

3)‘—" F()ncc’-;o\na( C.A‘CUIU.S

We've Seen the fonchonal £ml-eaf“£ J‘Bx = fdx,gxz“pinl

73@@]\ P @ 2 class; caf p«%s extvenise the achon .
o S x+X i]\ _
DN ~

A\=0

o ¥ Sorry, guick
ink chana_e...

9;\/:09 ‘1‘1& Eu,&/‘ Laamga e},,qé;o,‘s .

S-a% o

We can also do this withh Bmchonal d'ferentiahion’
wa"a 5[7. , & ﬁm(jm op Ronchorns, wifl ('65(40"
+o Yhe ﬁnc,hm (é)

switch 40 Boll Emsten S not=bion : X = Eatemens <.
Xyxé= XX

(4
Sheil = !L(xa)i’z)dé' (o't ;;fjﬁd)
Eink £ ; ,
gn&er?m'ﬂﬂ__ 85["5] = 5 oL dx; + 2__’—: 3x,;)d&
- A oz "
& ()Sué, noht';oﬂ bor a Sma” C"’"‘;—e chain rde .

?9 per &5 o 2"“ +erm

$S (’9L— $x; (ﬁ'.( )ng)dé

- ff- 2o

)




Now vse © | $x;@’) - 53 S(é)-é))

z Kronecke 8, Ve.e.p;ng 7’*‘6/(0[
Vpper Storer tndice s

32 e method of Shb'Mafgfh4fe
3.21 1>
Consider the familar Cn‘l‘egﬂﬁ
< < fx
I® =__Sd’c € e whece € i3 small €F k).

_ﬂ')e, :H—egrci 'S dOMPnd',‘CJ L2 ﬂl_ SAJJ(& {)O“in"‘S > Xy,
Cleﬁned Eg _Ci_E =0 _

(1 ot i e i Fe 1o ]
This s becauvse the p‘wS& toind$S YoweSt here . |
@e“”%& Covnu S‘p}rd ~Jécn ./)
AZ' "1696 S’ﬁc{Jé 790‘70‘,3 Wweé Can T:’r;!w 6)(?"’0( (—,.‘
— Pt P < e ) L2
I,&)x> e TR de e.f@ ) e
P

Since P X feu) + @ XA + X 19»65)"’
Y N ‘

ﬁ@(‘eﬂx‘e Il: CE ) >~ 2.”:::€ e‘c écb>/£
J f &)

n €9 lec k.




O Ib Ci) — _2__17.._"‘;-—-—- 64, Feco) /6 ‘f'LLT(-'c/(.(- @ |
Floco| T \
:S;;n(?(xb) _
In 96/)617\( Her~e are muU;pQ Sac(c“e,fa'fnfs Fo
Svurm over -

I(f) = ZL: I-b(f) .

NB 'H"a dASSr'c.a‘ Pﬂ‘n" 'S QC"LV“//Q o~ S‘\AJIC- Pm'né' op
S6el i ;ﬂ.n'ern( — Not d'u5+ an extremom .

N.Molto B ¢ e medhod of Stationary) phale’ Lo, ome$
c‘n\.b mettod op S"Lee(»\sjé descent’ foc
integeals of e Lorm {dx € fo-2 _

3.22 ND
e, fx [+ 3 lu-m)fon,) ZES)
as ‘
55%; ”b';: O ot a Saddle point .

Te) = 5 _—éf_?)w - lejff’(aﬁb)/g +Tu:,m‘/q

” | deé(%};%;s)

3.23 2D
s < SB1/%
K(xclél‘;xa,f,:> = bee

1 <Sley]/k+ime/a

there X, €) are paths 9«85%"‘”3 Clajg;cal
Sx) = = : ;
%C-GL) ) = L) < S Joadegtonts s




This method becomes cnvaluable in QFT. |
[n Qm i IS pechaps eaSieat 0 undesstand o€ %u_waveﬂmchml

level, where € becames. . -

3 3 The WK O\ﬂ?(‘o)omaélm
(Ses —— g,ve,s an a\f(rammvle_ onq/yﬁq( ﬂrfm ,Qas( ’2'[,(3()
ﬁy a-’)a a»/*b-)(nt’,‘mf V&)
— allews an agr (Dﬁ\c_,l’\ o the elass el (,m.,é
=% 5Jv~ma' :\m,cb/éfné N e_sv‘z-AA;A.g Vhe
(CO\(FQS{)ofrje.ﬂc..e. f(.ﬁa‘:.é.
— Sefs op QFT.
Ao rdea : Yi,e) 1S treakd os a plane Ve

Lwath & s/ong veary; \’an S«;@iﬂ«g% A6 -

szc_.‘ﬂ‘cdlg, N\ s << Lf?

& IN)<< 2
Bem ) cassicd, so P,pf= 0

We Can wAe

E = Pel + Ve
zm

& per= tlmE-VE)

& e d,,oosé + bg COAVC/)G,'W\
NS pey = 2R /NG) .
AS Le See gene waves, vie

<— S&.,e)/ R
L) =
q"/ (x ) t Sugjvs(v‘ve Naowmenclature !

nc(rmlb mcmin‘)k‘.}f i (04

"ﬁwe,fqg S 5 @ achon’ |
S= fude = [p-y-H)dt  Cepmdee
= (pdage — fude




. ] = SPC\?- — EE. Caj'sum‘y H s b—&ndtf@rfbj@_ |

~-cE¢ <
'q/@,t) _ ¢ € /te chH,/l:

J’LI 's the Wval ¢ depeadence of an
ene.9_9 &‘}e/-S/nk :
We_ ?y')c.ln”j weike ZJ'G/ t): é-lgé/}ékx‘) .
ﬂ% Solve e tme i_gg‘_@_&é«-f’ SE P

Do 1he Same here .

W) = 6-cléé/*gb@:)

£ ok Lt DG) Lom ns 00

We. have
o)k

D) = &
Lhee TG = [Rodx .
If oe@ +hee s a0 approximebion

;,UL" — b Can hae vary)
m? mévde £ PIMJZ—? ’y

Subs. jnto TISE :

e

& o OL@S )__i[_:,o_;"——)— @,,)1.:._. ZM(E—»\/)f- R’x)zf

Now the Keg step -
expand i poers of K.
=Xpand

2,
06 x 036 + FOTE F(Fae T



ot cv‘der -
— o . 2 X
Stact fon  ~<KO7 +@&') =P .

Jo o ocder ia K, the Arst tem lnecr i £) 15 O

L ()= Pt
& +o o™ erder 07= 0% .
O;) = & P

0560 = £ [Perds
¢(°)@) _ ei'ijG)obc . (G-e-od N C}SUV"id !) ‘

-

1€ oer

——____________—-

Aaa:r\, - ko -+-<o")t—;
...(:-);@;//4_507//)_‘_ (0—0)4'50"))7-: P'\.

. —iROg" -M/’W—( T+ 20, o”k +©’@r/ }\

) = & o) =

0" +20;707= o

bt 0;)'—'-' tPe) Lo O Nnder . Q

Q) 1£8pde ~LinGp). B <
925,@)_: e% © —zh(®)- 2%

0 s2fpdac/t
= = .
This Jives e \WKE approvgmsbion

%k&(x) — A, e‘SPJ’C/A’_J- A- e"‘“.rPJX/A'

e

P I
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N,(Ba P can 'Le, Cow\p'cx . @
f E>v, p=lmE-v) ER.
If e<v, p-= m 1S PUrch .‘maop‘na/y .

71\.‘5 Cale , <V IS e ‘classcall Fv()wd.;’&r\ g J’Of)).
’ Y, 3

juSZ" Ake, 10 QM, e Can rite
PEGE = < femle v]
® R .
Then [ E<V we have

As - f‘ﬁc‘x—*n“ﬁ

¢ A J*&Jx 77 [t
wa®) = mp e T

E)(po«\-en'/w‘a”y (Jecag;‘rg /9/29wa9 Sl Hd"f

— €Vanefcent Loaves§

]\IMQ‘L'FO E. . —M\_.Q ﬁ%’ Can )}L UW(/@(S‘{‘\)OCI L:L(C quS—%(—Pq/Ql.‘

[£ B s smdler, Vsyadier, so Bl & is bigrer
Thee's o- higher Prbelilifn ¥ A #e pacticle

Whtore & moves Slstuel

ua-"a onto #’charcb[ a A /ay\g aB 9,0\) Cari ...

N~ (B&/\iSS—CMO . Q&ca” e method 0[7 JHHM«/y ()AAJ(—:

y Ings} el -+ Ny
u@)é): _@,ﬁﬁ———le Sbeciass —_!/Q W1 4
\(}c& .8.;5’;)

3. 4 WKE Q@r‘ bouwA Stntes

—

SN

I,40r c’afSicc//j Rorbidden.

)
-
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Selbon Scheme Same. ay QuA :

Solve  for 4>I , ¢§r, 5&: , then enfure Con 53 5HerrCY @ Me.e.h'vg
Foin .

x)| z
~ fiprde’/&
b = Ao e aee)
Pe) &
L e TZR Prines Laid

Makch ¢ @)= B ()
b 6) = b ()

Howerer”, WKB Rils temily &€ o, b !
Here @Icgf,‘cal '/vfm'y f’W\"és >
£=V .'. PO . A>®
het e agjumeJ A< Lr;»:*v“ ~
Sclubon : CloSe_ 4o a, b the poten Kal s a/o//'GM\W\ﬁ/ﬁé? lreer.

E-VG )= Fa(@=-2¢), xxa
F}_,(x—b), x=b |
T18L Por Gneor Fo-knér‘ac :
A
£ ¢II+_ F;x}ﬁ = &b
Caat he Sg_lvccl e,)«c;H,j uS:‘ny an (Ac‘rg chf"oﬂ);
At'r(j’s ej" j”—xj:o

Solved Bctj A{Cx = ?‘fdt‘ C.DS(%J +3;é)

—_— O 9}nqlb cnboduced to ex'o[a?n .S’uFéfnumef‘q/(;] rainbotos
— Also medels Qan particle .‘m‘ o Sem)conducfon- heteroioncfson
pou(éfc(@ n &« ConS'o‘w\'é 3(’@\/4 é‘\é‘dnr\’( Adol, duark Ccnnﬁne.me-nb

— Also the basiS of Witten’s cradechre cn Shang theory .




%f\ﬁ)AL_ ®

e)((cmenh*‘

umw domped d““g |

oSG llchmS

U.S'ng this Loren e can oOvHi ok hotw o connect the
] ’ Hhe c)ive,/ Ce o’[’ /4?‘\
regions despibe aad i i S

@ clars: cal d‘u/‘v\\n; ponts

— V-€&

__u sobd Line
gaWiB ';/hoof’t\r.cl!»
vse of Ai g poachon-

4 | U '
~ e \ [
e ’

‘e mei\">‘ (t)\ M}AM"’VCJ ; b
& %Snv‘rﬁ“ jwt Ime

NB amﬂﬁl& 'S Jarsec near edges - BoF Shoulfn' & & lookk
Like & Brte potnh A pell, or harmome oscillator ?
Don'€ #\ca Pc«b( \\ ﬂ_e_ m,o(JQ,'?

== %mxl

e fc.

(

V@S Pu¢ lowW/ eog«cnshﬁc/j pFe /A/}Lg/ e
Y Spe~ds mue Ewe 1N e &ﬁeqw c«ll @S’é:cé;) f\ejxrdﬂS

¥
- W a L& bLics G/ fhe
So é:gg Yoe ookt 2 c/a;;wﬁ allped

f
Yo PN |




'/L\]S S f’ke_ CJ‘YN}foncLenu_ G)ﬁ’\ﬂdp(a. WKB 3 m,c/df)a\/ |
£ Héhﬂ(— e,ng_/é‘uy; wre ™More. laglel’. T WHEB 4. He
thert .

Mo\(*géhng condE S

USing the A}fy form, w2 can match @ &4, 4 ;
gf’:r@‘ = Py ()
Gr () = P D .

Then, %J}SWGD v‘f b af the o €nds of e
dq’))’fc;./fj af(cg{,vco( egion leads +o-

%j?o‘x = (h+k)m™ ,nexz.

}J— Ps Lar a8 T can Yell, Simons /Corler F iy cale Jabion Aronn Landaus
£ L3 (%i-. te — Byt I conté malie SenSe o themn ..

Then [ we dovbhle Hoe 12/;}'1—. of e .\44-6(7“( %o g0 o =2 b—a,
W& cenrm wr.'ée, +he nea& A}(M

I §>Pc\:€. = &‘rfk@‘*"/z)j..

This 1S He Behr-Sormmert{eld 790./.6&4&‘0\/\ cen &
— pecl o[ GlA jvmfum %eorj’ @re — Sch nb'al\‘n;a/ﬂfesmbefg}

8- 5 Olase 2 Space ?/uam':?Zcf“.

A Po‘x = o€ encloieo( M ’o}ﬂ«k Spé Ce él P>

»\\ Bohe - Sommeclelf S s 74/%/\/'“ }rbh enclo s&
Aree 2wk bd'ween oSS .
f: z,rrf / 53 an elecpon ac7ume$ o\phaie &Palx/;; a)owg
AN ovbhit .

K/P’/ The exhra +% is called He Mas lov endex? L 3,2/)2/-4(
Ié 3 aa € b P‘\‘k' of -Te P'C‘(f—o‘ up at o Soﬁlf’v“urn MJ /d’?"é
AL Dard® burning poiats (P lorse) DT =TT instad . Cf. o wigqling rope

F:-nﬁg LAl Can SAtj-ﬂn b a tean g ElON p'owx acbe é N +o N-| releafes
A photon of eneryy AE= K>, ahee = M, with T e bme.
< c’bmf?céﬂﬂ_ ‘W&Cu"cu;t ' =
To $le= by AC-§fEde sfpizoenk; Qv T AE- IS




Recap oE_Si‘jggL:
In the Schrod injer picture’, shates are
time dependent & operators are &me
independent -

Hs |4, = £]45¢)>.
Cschrodi nger.

In He‘He,Isenberj pictvre’, stutes ave

fime ﬁndependenb & Operators are £Ecme
dependent :

QHSHWQ‘; EY.)

He Senber‘é)

We can write b
[Us@> = € Y00
&'ﬂ/—/
Could choose

ok to be [Y,)) .
W P St WY i
= o)E
An € A

(’ouu choose.
e A,

(dvoice of |Us@D= 1U,) is & phase choice).




Tk&- P&C*’Wes are eﬁuimle,,t' 5"3' ) = ) ]
a SOk inbkS  intk »LHk/f |

<Y Aul By =<l € A € Iy
<)l As VN13) i

— measurable properties independent of picture. |

Time evolution e?,ual:iwu:

ik % lY@®))y = HiYs®) (DSE)

AKH&’ _ A , He<senber
:J_Z_,_. = '%EHH&)’ Ay(éﬂ ) J

ANSSUNMING po explia‘,é éime.
depenfence : QAs — o )
>E .

Also recall :
SCLrﬁcJ-inc‘)ef: ‘U/(l’,é) LIAvVES
Heisenbery : Ly = EXf matrices

Wen: Dirac ©  [Yye@)) kets!
~Unified the approaches .

Dirac also has a‘péc%uf'e,f
As he noém—iously disliked te vse of his name,

1:& /S Ca”f-?cl 'H1€—--

4, | [atera céiovl_ ch:}'u/‘e_

— ‘Par[:v'Cu'ar‘lg useful «when ‘nteractims mlﬂ o<cInr

fo a lmited Eime .

— But Mat’s a‘wayﬁ the case! Ej
nyelve interackin 4 with the 5‘351'6#\ For o
pém’be- Eime’s oF ColliS<oms alt CERN- --

expesr ments



Wiite H - Ho 4' \/(l:) ' @ B
Hhes (4 )) = € f L)

Intecackion pot H T Scl'rm:linger

Neio eguatun of motion:
A0, 1%l = Vo) Y e))

(Prova in problem set).
Summarz’ G

_ Schr 56‘&"3‘5" HeZSenbe(g :[nJremchan
Sttes  [1heh= "R Wy 9t =&

A"'o“ﬂ p

Opecators As ; A)-6""%0é" =€ A:@e
Eom. | ik Weeh=ANY ;1 JA,
I AL I k%% :[A,,,H,,] ii@,ﬁlf}‘—"&f—‘)ﬁ;)

NB Y, 0))= |Us@)) Like schrsdinger
& ¢f V=0, I%(é» = quI(o)> Like Heisfznl?erg-
<\'hr lfzif"PI) = <q’ ,As“ﬁ')f: <"‘/H, AHICPJ—D

k.2 Time evolution operator
/M-egrm‘h?- L oM. wrk &me’,
4 @)y = %) ~ % fdé G 1Y)

([ Xacl') )




Bwf vﬂ V <$ gmall émzmm jle:/k <<‘) wlu,ck
1S usual, we can define a perturbation secies:

Z“‘l order:

t
) = [yt - <4k (Wo)) /.fdl: Gl (o))) \

o

Fliy = -dfrionp o s nece)
7 g___\,_/'

Lime ordering vital
—check [{m1

TAe oe Of‘der Soluéim Simpﬁﬂas :

| 14,0 = Gule.o) 1% |
(here i EN itween))
e ;QXP(/fdé 0 )l)

He time m"cleﬂnj opex‘qéa—
— orders events Pram past (Fight)

o fuhure (Lepé)

-

Hoco <€ ookd: )
- 3
L2+ X +EXTFINT

feCauf/
Ol = 1 Wa)) +T(f) fcu 14(&)!4,@»
i) ‘%Tf &) I eV ) I¢@))

2 orclerz,ngs OF Hw f’::arm iji(é )V;‘é )Jéﬁfi”




4,3 Pitting T o work B
@ficx\L setng *

42 [out

@aSic LHC Scl‘emaéic)
, /mag»t'ne V) forn; on for a Lmited Eme.
What’s the bebalu Lg of initial state Ii) bebrincj
Energy eigenstate Iny 7

|i¢)) = uf(k)la‘») ZlanIMI(é”i)
’1") "Cn(l:)

Using e series expanSLcn of (1 :

Colb) = <nl)  + (-")fdk (nl\é-(k')‘1> ¥ o

@)
Sn," = Cn (é) -

Ho &% » ,w‘?,e/f:
Use Vo) = e Vpe*

9 aggnséaée

o

IF |£) ¢S also on e,nerj g
C:;;) )__ '1« f‘{é’ A ,u(é)

wl‘ere. eni= Ea—E ~E5
%

Vailt) = <nl V[ﬁ‘)lt>
rob (1Y —=1m) = lca 1
= [cde) + Lo - |
Lasiest +o see with on example - --




E3.- Ben Simoms’ n0+es): Hicied oScilloator

]natml 541.5& is the SLmPlz harmonic oscllabor
ground siate @ t=-o7: ;S =] o, t=-00
Tic. 1> =]0).

State <s ‘hicked b J Fﬂﬁnbal
_£% S

VE) = -eeExé
| (xzalV’x-a)l

—y £

What is the fm\:al,ilig e fnal state is 1) @ =1

i.e. |£)= ||,[-,-.=+oc>?
A"Swe.r:

wonis 4o 1% arder

Prob (lo,—oa‘) - |1, oo)) C.[:: (t=02) + C(‘:’;é"”’)l

AT -"fcu & IV | ),

i’ec:"’ Some SHO facts :
E, = kw(n*’é)
W e = é' Ea —

Ladder operators /_7
(a + 67)
imewd
where 1Y = &¥10),



<t I VIG)IO) -ece }(nlxlo)

——
independent of pichure;
casiest is S here.

U E -f_j(n\a-l— at o>
f—_'<o|a(a+a*)lo)

S"mcﬁ ) = lo>
&<l = (In’})+ @+lo))

— (ol .

(lI)CIO) j—_ﬂ((ow)‘l'(olqalo))

C\S Al =0.
~ ‘1— N
recall  [&, 4] =
. (oladtloy = <ol +aa oy
= <olo)
. =4
'”' <.‘lV(£),O pung '656.6/‘?}: L
g > Zr146S

, ’ s f ,é"" z
o= el fur e
e
’ Dooy= © b Gavssian , after
v C('(m)—- ces ZT:;‘kw ze c;,,.',tg_bhém 5'79«/'2.

frob (0 >1) =t Eim &'

P ImKBo €
o)

T




L. b The S-matrix
'Y -~ >
— 9 stands for Sc.a{:fe,anﬂ . ".”? [ ooty —
— Central Yo porbicle PhyS£CS : }:@E
— Allows os 1o dehae “Free parbicles’, e-q- eleckons,
aS aﬁympf‘vflc states a& &= too.
Man ,omf:ezbzej, of e s matrix cah al<ady

b Ddenbéfieal aft the ,S‘-.'n()la

recap scaheninj Lo

NB You might Like o
A fnite -coidth steP O gear

paré&cle Level -

ereral setp:

? (<
Hecf'ﬁ 5/42;:;’( 3 NS De_,,,u'x
_/‘\_/’;,‘\,‘-9 S~ Pyred
B~ el <
e - s o T
region T — Cgencral potential <
defined over a fnite widbh@€ Ir )

e send in A £ D, gebouf R A& C .
jé = Ae£“x+8
T - e
LM ~LKX
br = Ce T+ DL
[.'—"‘ yr 2, Ve) was a skp; A=1, D=0O, B=r,c=t.]
The S-matrix <s defined as:
B} _ A
(CJ = 2 (D )
| W A~
ovkgoing g -
Le. lout}=3[<np

- X




4.5 ProFgréias of S @

F?'aperé;j 1: S <s Un[barj

Thes one’s ?uufe 06‘4005 — time evolulbbom ¢S a’w‘ys
Uﬂtbﬂ o M (1,31 the absence "p peasureneat ).
%ke £ oS o defincbim /postulate .

59&:4’:,&
{in [“i‘i’) lout | o) ( )
Jouty = SlénY
Con | inYy = <inl s's J{nY
_I_ _ ~»
A S'S —ﬁ/,

Property 2. - £ 16 eR, 3(533/@5_1,5,6-_@-
N3 You can alwarys choose Vo) eR n the

absence of o macc]nel:tc freld .

Ag" ez -¢V‘)¢ A
Pr'oop : — - (B S ( D)

CompkX condu ate
.m\[ X <301

Aéi D eLMx
f_‘__r/\\ "‘“""
= +’1£v Same P‘,‘h“*e_} WLH!
A ( t)
= =5 ' ) 2\¢
. C*‘ @am S l)




. 8"s =1
Bt Pf‘orerl-g 1 alreaclg says _‘g}__’:ﬂ =
T
¥
& s=s5_

ﬂoperkgi%: i ve=ves), 320505

—
——

PmoF: pa) mr"s ;?eghfﬁ:‘n f:f;ﬁy
ng_J/wkfi\\ (A)é—-)(b) enacts 7o chan‘;e
o )5l €
Recall : ) @(g) :(E») i

& oz

ﬂ So we can mgeré

=0: (‘3’) <5 ¢(3)

havm g inserted 0x

anyw‘teﬁ:

B 50 =

WA

:GZ_/SC/G-_

—
T—
/




NB if v=0, ' S= g% (Check). |

Hiis makes SenSe aS Ox =0x.

Aﬂ rfn'l-ereséi:j féSuLt 0‘2 Pl‘operéie/s 1 & 3:

Since S=Jx3 =

=

Su Sz N (522. SZI) (Sij ea:')
Szu SZL ik SIZ SII
£ we can write S =[S 5.2_) when V) =Wx)
SI:L Su

Byt un[l-afz'écj fells os
S = st

J’llef'epaf‘e, S: Sli o l (u Sll.)
- 5‘:‘—-3'3 S,z Su

<
S5 Sk
. A 4
Z. €. S“ — Sll :. 5'1 e "Sll
5,;“' szi Su —Siz

P " 4 2 — —
re-arrandge ; S.?,"'Sn = Sa’: — Saz
ae

#

TR .9‘:-
wiking S5 = [s:5]e”™
we See g,=9,, +7%:

9, r 2t ET0
_l_s_‘_‘_'_‘_.gi_-‘- _ Isale ™"
—i9, - — €D
ISl €™ 1Su) e
, 24944 2iPg + TV
® ¢ e = e_

. Dy = 9.2+ 7% (+1TZ)




See = Bl em.A'.
é 5'2— ‘S.zl

4

o r & € ore always 7L ook of phase !

~ holds Onlg For Sgﬂ‘lmelzric fetenf::'a’j, byt
most Familiar Sa-l-lz'rys —e-3- cwimdows —

laa\/e. the £’ .

— recall also the Maslov cndex’ o page I2(2'.Jg_'de)_
A ‘sofl’ potential induces a 1wy phase shift

M r’eﬂecév'a‘i, W"‘.le a‘lmrd' Po#—enéu'al [nducejs
a M shift.

ThLilk ugac;« of wagglo'rg arope with a

free end: g vs Fixed end -
ety — =7
- PV

L. 6 Time reversal ,
FTAe. Propeféies op ; Are renllg ..jusé e Prore/é-'é’_(,
of Qm in general.

Let’s fuke o closer Jook at proper€y 2.

. . . >
Carnplz,)( Cov Ugaétm, "', enacts ‘énme reversal
N QM.

There are o fecos woas fo See this.



Ej He Propagal-or | |

K(xf)bf) x{,tét) <3C‘:’ U(éf’é )l?(‘:)
J K*@P,f;; X; ,l’;):(le u(ef"““)le>

= <x;| L:l(la 'ép)l xi)

== K(xi,éz)’ Xp, é()
tohich meansg 4hat f K pr’opaga[-e,s a stule
,Cg.rwards in Eime fowm -, Es 4o x<p ,Ef, +hen
K* propegates a stabe backiwards in &me

ﬁm Xp, &¢ to X;,E;.
Einalen#ij we con see 4his ngmeéry <n
He TDSE:

ik QY&e) = K Ybo o) + VeI Yoy

dé .lf’*'
-2k 9“096) - -k Y é,é)+ V&) ¥ )
‘)é

J/rzla!;el Ltot’=-€

ik gj':éé,‘/'é - ‘__é, U’("’é) + Véc)qﬂdé“ ~€’)

E ;f 1-[(:{.,&) Soles 'M.LT'DSE
then ’IP?x, ~¢) also Solhes <E.

This is +he basis of cerkain cntepre€dt/ons of
@M, Such as the WnSacé/Mal cn('erpmbﬂl‘cm.

|
u




T
|

(£ (s also the bas<s of M(Fegﬂﬁmn —-M;ee.lér
absxber” MZNQ?, twohich <nspived F},gnmmn’f

dtv@Wm‘"k OF Lag "“”3"“/"'/?444-5{« ‘-ﬂgr‘ﬁl W@ A -
I{— also Ld +v'the hln Fernet ...

N B classical mechan<ics alSo has a Simlar
l;;m(__ reverscl Sg MMaf'r(j .




